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bitals, as compared with the availability in Nb2Se 
(Conard, Norrby & Franzen, 1969) and TazS, results 
in greater involvement of the chalcogen orbitals in 
bonding in class II compounds. 

The coordination of the sulfur atom in Ta6S can be 
described as a distorted capped trigonal prism, a very 
common coordination of sulfur in metal-rich sulfides. 
Six of the Ta atoms can be described as forming a 
slightly distorted trigonal prism with an average Ta-S 
distance of 2.48 (6) A; the seventh Ta atom, Ta(2), is 
off one of the rectangular faces at a distance of 2.53 A. 

In summary, the Ta6S structure exhibits linear metal 
clusters similar to those found in Ta2S and sulfur 
coordination similar to that found, for example, in 
V3S. The absence of significant holes in the structure 
puts it in a class with V3S and Nb21S8, a class to which 
it also belongs by virtue of containing a group VB 
metal, by virtue of the sulfur coordination, and by 
virtue of being more metal rich than Ta2S. It is sug- 
gested that this class of structures differs from the class 
containing Ta2S and Nb2Se primarily in the difference 
in chalcogen valence, and that the crystallographic 
holes in Ta2S and Nb2Se are, in fact, not 'holes' at all, 
but are rather regions containing electrons in non- 
bonding orbitals. 

The authors express their appreciation to J. Benson 
for his assistance in obtaining data from the automated 

diffractometer and to H. Baker for taking photographs 
of the single crystal. 
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Neutron Diffraction Study of ~-Uranium at Low Temperatures* 
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(Received 30 January 1969) 

Neutron diffraction measurements have been made on two single crystals of e-uranium in the tem- 
perature range 10°K to room temperature. The previously reported variations in the y-positional 
parameter of the uranium atom are confirmed. There is no deviation from the orthorhombic structure 
nor any magnetic ordering at low temperature. At low temperature, the increases in the strong nuclear 
intensities, which are as great as 45% in some cases, are due to a change in the extinction parameter. 
This effect, observed at various neutron wavelengths, is related to the size of the perfect domains in 
the crystal and is reversible. 

Introduction 

Previous diffraction studies on a-uranium near helium 
temperatures have been confined to zone scans, pri- 
marily aimed at studying changes in the unit-cell di- 

* Work performed under the auspices of the U.S. Atomic 
Energy Commission. 

mensions and y-positional parameter of the uranium 
atom. These properties were comprehensively exam- 
ined by Barrett, Mueller & Hitterman (1963) who also 
reported additional reflections at low temperatures 
that were possible indications of magnetic ordering. 
Subsequent susceptibility measurements by Ross & 
Lam (1968) showed that no simple magnetic ordering 
exists in a-uranium, although their experiments do not 
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exclude a chromium-like spin-density wave. Recent 
measurements of the elastic moduli (Fisher & Dever, 
1968) and thermal expansion (Andres, 1968; Hough, 
Marples, Mortimer & Lee, 1968) all indicate a so-called 
transition at ,-~43°K but the exact nature of the 
transition has not been established. 

a-Uranium has the A20 structure of which it is the 
prototype. The symmetry is orthorhombic C-face 
centered (Cmcm, space group 63) with four atoms per 
unit cell. The uranium atoms are at the positions (0, y, 
¼), (0, fi, ¼), (½, ½+y, ¼), and (½, ½-y ,  ¼). At room tem- 
perature the unit-cell dimensions are a=2.854, 
b=  5.870, and c=4.955 A, and the y-positional param- 
eter of the uranium atom is y=0.1025_2.  The 
volume of the unit cell and the y parameter both have 
minimum values near 40°K. Barrett, Mueller & Hit- 
terman (1963) reported the following values at 40°K, 
a=2.836, b=5.867,, c=4.936 A and y=0.1017+2.  
Although Fisher & Dever (1968) have discussed chan- 
ges in physical properties in terms of a structural 
transformation from c~ to c~0, no crystallographic evi- 
dence for such a transition has been presented. A mod- 
est change in the value of the y-positional parameter 
does not, in crystallographic terms, constitute a change 
in the structure. 

This paper reports the results of neutron diffraction 
measurements on two single crystals of c~-uranium. 
Three-dimensional data have been collected at room 
temperature, 80, 45, and l l°K. Selected reflections 
were measured at intermediate temperatures. Two neu- 
tron wavelengths have been used to examine the ex- 
tinction parameter. 

Experimental procedure 

The single crystals used in this experiment were pro- 
vided by E. S. Fisher of this Laboratory. Crystal 1 was 

a rectangular parallelepiped with the faces cut perpen- 
dicular to the three crystallographic axes. The dimen- 
sions along the a, b, and c axes were 1.63, 3.40 and 4-02 
mm respectively; the weight of the crystal was 0.466 g. 
Although the absorption of uranium is small (/z=0.3 
cm-1), large variations occur in the lengths of the paths 
of the neutron beams through the crystal. Therefore, 
the shape and size of this crystal are not ideal for the 
collection of accurate integrated intensities. For exam- 
ple, if the incident beam is parallel to the [100] axis, the 
path length is half as long as that when the incident 
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beam is perpendicular to the [100] axis. Serious ex- 
tinction and multiple scattering effects may, therefore, 
be expected. On the other hand, high intensities, and 
thus large crystals, are required if weak extra reflections 
are found resulting from either a small distortion from 
the orthorhombic symmetry or from magnetic order- 
ing. 

A monochromatic beam of neutrons was obtained 
from the (111) planes of a germanium crystal used in 
transmission. The contributions of multiple scattering 
to the systematically absent 222 reflection were mini- 
mized by rotating the monochromator  crystal about 
the scattering vector. Integrated intensities were ob- 
tained with a modified 4-circle instrument, the cryo- 
orienter. This assembly, as previously described (Heaton, 
Mueller & Hitterman, 1968), permits the examination 
of approximately 75 % of reciprocal space when the 
sample is in a cryostat. The sample was fastened to a 
vanadium pin with a small amount of epoxy resin, and 
the pin screwed to a relatively large copper block. 
Capsulated heating units were embedded in the copper 
block, and calibrated platinum and germanium sen- 
sors were attached to the periphery of the block to 
measure the temperature. The sample was cooled with 
helium exchange gas, which was in contact with the 
helium reservoir. By the use of an automatically con- 
trolled heat input unit and adjusting the pressure of 
the exchange gas, the temperature was readily con- 
trolled to 0.3 K °, with an absolute accuracy of + 1 K o. 
The lowest temperature attained with the present ex- 
change gas system was 10 °K. This was sufficient for 
the present experiment, but modifications have been 
made that will allow helium temperatures to be at- 
tained. With the cryo-orienter assembly, the crystal may 
be rotated ___ 30 ° about the scattering vector (a-scan), 

for any reflection. This is particularly useful in the 
examination of multiple scattering. 

Results 

Crystal 1, 2 = 1.575 A~ 
After an initial examination of crystal 1 on a stan- 

dard 4-circle diffractometer, the crystal was transferred 
to the cryo-orienter assembly, and examined at various 
temperatures with an incident neutron wavelength of 
1.575 A,. This rather long wavelength was chosen to 
minimize multiple scattering effects. In previous dif- 
fraction experiments with ~-uranium, a number of 
weak reflections were observed that are not permitted 
by the space group. However, these reflections may 
have been a result of multiple scattering or 2/2 contam- 
ination. The 2/2 component in the present experiment 
was minimized by using the 111 reflection of germani- 
um, rotated to eliminate multiple scattering. The 2/3 
component, which is not negligible for a wavelength of 
1.575, may be satisfactorily eliminated by using a 239pu 
filter that has an absorption edge at 0.53 A,. 

At room temperature only those reflections defined 
by the c~-uranium structure were found. Since the 
shape of crystal 1 is asymmetric, the large variations 
in the path lengths will give rise to varying extinction 
effects. This is well illustrated in Fig. 1 where the varia- 
tions of the 002 and 004 integrated intensities are 
plotted as a function of a, which is the angle of rota- 
tion about the scattering vector. The position of maxi- 
mum path length for the neutron beam corresponds to 
a=O °. Similar variations in other crystals have been 
reported, for example Willis (1962), which illustrate 
the path-length dependence of extinction. The relative 
variation in intensity may be described by calculating 

Table 1. Results o f  least-squares refinements o f  data from crystal 1 (2 = 1.027 A) collected at different temperatures 

K is the scale factor, Fo= Kx IFcl, y is the y-positional parameter of the uranium atom. U,~, Ub and U~ are the radii of the ther- 
mal ellipsoid of the uranium atom along the a-, b-, and c-axis directions, respectively. R is based on unit weighting, Rw on a 
weighting scheme with W= l/a2. The anisotropic thermal ellipsoids from (1) were used in (2) with no extinction parameter. 

Temperature 
Room temperature 
(1) (2) 80°K 11 °K 

K 1"62 _+2 1"21 _+2 1"63 +3 1"59 +4 
y 0.1025+2 0.1026+7 0.1016+2 0.1019+3 
Ua 83 + 2 83 38 + 5 36 + 7 
Ub (103 A) 63 + 5 63 0+ 10 0___ 10 
Uc 69 + 3 69 27 + 8 46 + 6 
r*/2(10-3) 4.2 + 3 0 4"2 + 3 2"4 + 3 
R 0"013 0"091 0"014 0"018 
Rw 0"016 O" 104 0-019 0"027 

Correlation matrix 
K y Ua Uo Uc r* 

K l 0"06 0"61 0"50 0"67 0"95 
y 1 0"07 0"06 0"08 0"04 
Ua 1 0-28 0"55 0"43 
Ub 1 0"26 0"39 
Uc 1 0"51 
r* 1 
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T a b l e  2. Observed and calculated structure fac tors  at room temperature and 11 o K ,  (crystal 1, 2 = 1.027 I t )  

The term ~, is the calculated ratio of the reflection intensity with and without extinction. For  other parameters see Table 1. 

Room temperature 11 °K 
hkl T r* /2 = 4200 r* /2 = 2380 

(cm) Fo/g ~ IFeyl/2[ Fo/K y IFeyl/2l 
200 0"295 2-02 0-38 1"96 2"34 0"46 2"26 
400 0"199 2-02 0"60 2"02 2"54 0"62 2"55 
110 0"348 1"49 0"33 1"52 1"77 0"41 1"73 
310 0"238 1"83 0"59 1"79 2"18 0"65 2"12 
220 0"284 0"81 0-85 0"86 0"93 0"89 0"90 
420 0"193 0"71 0"94 0"70 0"89 0"94 0"90 
330 0.229 0"91 0"87 0"94 1-03 0"90 1"07 
240 0-272 1"84 0"52 1"84 2"19 0"59 2"15 
350 0"222 2.02 0"56 2"05 2.55 0"59 2"55 
111 0"259 1"42 0"49 1"40 1"60 0"59 1"55 
311 0.242 1"46 0"70 1"46 1"71 0"75 1"71 
221 0.286 1"96 0"42 1"95 2"35 0"50 2"27 
421 0-195 1-94 0-62 1-95 2-44 0-64 2-46 
131 0"247 1"99 0"41 1"96 2-27 0"50 2"25 
331 0-231 2"01 0"55 1"99 2"44 0"60 2"40 
241 0"275 1"34 0'69 1"36 1"58 0"74 1"59 
351 0"224 0"25 0"99 0"21 0"28 0"99 0"20 
002 0"168 1"96 0"37 2"05 2"12 0"47 2-30 
202 0"280 1"99 0"41 2"01 2"36 0"49 2"34 
402 0" 207 1" 96 0" 60 1" 99 2" 47 0" 62 2- 52 
112 0"207 1"80 0"47 1"80 2"01 0-57 2"03 
312 0"250 1"78 0-59 1"76 2"14 0"65 2"11 
022 0-165 0"85 0"86 0"86 0"92 0"90 0"92 
222 0-273 0"81 0"86 0"81 0"92 0"90 0-90 
132 0"206 1-02 0"82 1"03 1"08 0"88 1"08 
332 0"239 0"91 0"87 0"93 1"03 0"90 1"07 
242 0"269 1"84 0"53 1"84 2"16 0"60 2-16 
352 0"231 2"02 0"55 2"02 2"51 0"59 2"51 
262 0"267 1-64 0"61 1-69 2"06 0"66 2"06 
113 0"194 1"56 0"65 1"55 1"71 0"74 1"71 
313 0"259 1"42 0"71 1"42 1"66 0"75 1"68 
023 0"167 2"22 0"49 2"16 2"41 0-58 2"44 
223 0"249 2"05 0"49 2"04 2"36 0"56 2"36 
133 0"193 2"16 0"51 2"11 2-41 0"59 2-41 
333 0'247 1"94 0"56 1-93 2"36 0"60 2"37 
043 0"170 1"46 0"75 1"47 1"62 0"81 1"64 
243 0"248 1"35 0"73 1"35 1"58 0"78 1"59 
153 0"198 0"29 0"99 0"23 0"35 0"99 0"20 
263 0"254 1"50 0"68 1"53 1"79 0"73 1"82 
004 0-174 2"19 0"49 2"23 2"43 0-59 2-52 
204 0"246 2-06 0"49 2"08 2"40 0"56 2"44 
114 0"192 1-92 0"58 1"90 2"15 0"67 2"16 
314 0"265 1"71 0"60 1"71 2"04 0"65 2"09 
024 0-172 0"85 0"91 0"85 0"95 0"93 0"91 
224 0"241 0"79 0"90 0"78 0"91 0"92 0"90 
134 0"193 0"99 0"86 1"01 1"09 0"91 1"08 
334 0"251 0"87 0"87 0"89 1"01 0"90 1"05 
044 0"175 2"06 0"60 2"01 2-29 0"68 2"29 
244 0-242 1"86 0"58 1"85 2"20 0"64 2-19 
154 0"201 2-23 0"54 2" 17 2"60 0-60 2"59 
064 0"187 1"80 0"67 1-80 2"12 0"72 2"15 
115 0"196 1"55 0"72 1"54 1"74 0"78 1"72 
025 0-179 2"20 0"55 2"18 2"46 0"64 2"50 
225 0"240 2"06 0"54 2"04 2-38 0"60 2"38 
135 0-196 2"19 0"57 2"16 2"46 0"64 2"44 
045 0"183 1"42 0"78 1"42 1"64 0"83 1"62 
245 0"242 1"29 0"76 1"30 1"59 0"79 1-58 
155 0"206 0"26 0"99 0"22 0-31 0-99 0"20 
065 0"197 1"58 0"72 1"59 1"84 0"77 1"85 
006 0"193 2"14 0"55 2"19 2"51 0"62 2-52 
206 0"252 2-02 0"53 2"01 2"46 0-58 2"40 
116 0"206 1"86 0"63 1"85 2"16 0-70 2"13 
026 0"190 0"80 0"92 0"79 0"96 0"94 0-89 
226 0"252 0'73 0"91 0"73 0"91 0"93 0"87 
136 0"208 0"93 0"88 0"95 1"07 0"91 1-05 
046 0"196 1"92 0"63 1"91 2"26 0"69 2"24 
027 0"208 2"03 0"58 2"03 2"41 0"64 2-40 
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the absorption factors, A, for the crystal as it is rotated 
about the scattering vector. The curve (dashed line) in 
Fig. 2, which exactly follows the variation in the 004 
intensity, was drawn by calculating the absorption 
factors for /~=4.0  cm -1 and by normalizing the value 
of 1/,4 at a = 9 0  °. Secondary extinction may be treated 
as an absorption process; therefore, this agreement is 
to be expected for some value of p, but the increase 
from 0.3 to 4.0 cm -1, required in the absorption coef- 
ficient, is difficult to interpret. 

In general, with a large single crystal, variations in 
the lengths of the paths will give rise to different ex- 
tinction effects for equivalent reflections. The faces of 
crystal 1 are cut perpendicular to the three crystallo- 
graphic axes, and, when mounted along one of these 
axes, the geometry is such that there are identical path 
lengths for all reflections in an equivalent set. A careful 
examination of the orthorhombic symmetry is, there- 
fore, possible without interference from extinction ef- 
fects. The agreement between equivalent reflections 
was good, and agreement between the observed and 
calculated structure factors was obtained by using an 
extinction parameter (discussed in following section) of 
r * /2=2 .5×  103. The limitations on determining this 
factor arise primarily from its high correlation with the 
overall scale factor, also an unknown, and the small 
number of reflections that can be examined at a wave- 
length of 1.575 .A. 

When the crystal was cooled to 11 °K, a large in- 
crease in the intensity was observed for almost every 
reflection. As at room temperature, no additional re- 
flections or satellites were found, although a careful 
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search was made. The agreement between equivalent 
reflections at 11 o K was equally as good as at the high- 
er temperatures, indicating no departure from the 
orthorhombic symmetry. The diffraction profiles of the 
nuclear reflections appeared exactly the same as those 
obtained at room temperature. For the strong reflec- 
tions, the increases in intensity at low temperature were 
very large; the 200 reflection, for example, increased 
45 % from the value at 77 ° K. Such an increase in in- 
tensity could indicate ferromagnetic ordering, but this 
explanation has been rejected for the following reasons. 
First, the increases are not a function of the scattering 
angle but apparently depend upon the initial intensity 
of the nuclear reflection. Second, the magnetic moment 
required to account for the increases in the strong 
reflections exceeds 2 ~B per uranium atom; this is in 
direct conflict with the susceptibility measurements. 
After collecting data at 11 °K the crystal was warmed 
to 45 °K. The nuclear intensities then decreased and 
were comparable with their values at 80 ° K. Some ex- 
perimental evidence suggested that the change in the 
nuclear intensities involved a small amount of thermal 
hysteresis. 

Since the increases in intensity at low temperature 
were greatest for the strongest reflections, this suggests 
that some change occurs in the extinction parameter. 
At this wavelength (1.575 A) the strong reflections were 
reduced in intensity by as much as a factor of three 
because of the extinction. A subsequent 45 % increase 
in these intensities could, therefore, be accounted for 
by a modest change in the extinction parameter. Rea- 
sonable agreement between the calculated structure 
factors and those measured at 11 °K was obtained 
using an extinction parameter of r*/2 = 1.7 x 103. 

The long-wavelength data established that the extra 
reflections reported previously did not arise from the 
sample. However, the large extinction may be examined 
more quantitatively at shorter wavelengths, since a 
greater number of independent reflections can be meas- 
ured. 

Crystal 1, ), = 1-027 A 
With the crystal mounted about the b axis, intensity 

data were collected at room temperature, 80 and 11 ° K. 
The effect of extinction is illustrated in Fig. 2 where, for 
the room temperature data, In (Fo/Fe) 2 is plotted against 
Q x T. The term Fo is the observed structure factor, 

( 10-4 )  1/2 
in this case Iobs× sin20 × A , and Q is the usual 

2 3 lee[ 2 
crystallographic quantity given by Q = v2 -sh~2-O ' where 

2 is the neutron wavelength, V is the volume of the unit 
cell, Fe is the calculated structure factor, and 20 is the 
scattering angle. The path length, T, was calculated by 
using a modified version of the Busing & Levy absorp- 
tion program. Following Zachariasen (1967) T = -  

dA,  
( l /A) -~-- where A is the absorption factor. The inter- 
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cept at Q =0  is related to the scale factor. If no ex- 
tinction is present, the points in Fig. 2 should be scat- 
tered about a horizontal line. 

A least-squares refinement of these data immediately 
gave a negative temperature factor, a further indication 
of extinction. 

Extinction 
The reduction in scattered intensity from the predic- 

tions of the kinematical theory is an important feature 
of the experiments with ~-uranium. In an attempt to 
account for the extinction, we have followed Zacha- 
riasen (1967, 1968a, b). As a first approximation, pri- 

m a r y  extinction is neglected. Single crystals of ~-ura- 
nium are far from perfect. Etching indicates a high 
dislocation density and the diffraction profiles are 
broad. The fine structure in the diffraction profiles may 
be seen with good resolution. 

From Zachariasen [(1968a) equation (1)] the inte- 
grated intensity is reduced by the factor 

1 
~'= (1 +2x)1/z 

(we have used y rather than y to avoid confusion with 
the positional parameter of the uranium atom) 

where x=(r*/2)QT and r * -  r (1) 
[1 +(r/2g)Z]'/z 

(the polarization factors are unity for neutron diffrac- 
tion). The derivation assumes that the perfect crystal 
domains have a mean radius r, and that the orienta- 
tions of the domains obey a Gaussian distribution law 
in which g is related to the half-width (A1/z=O'332/g). 

After obtaining the necessary derivatives the quan- 
tity r* may be included as a parameter in the least- 
squares analysis. The results of this refinement, with 
the data at various temperatures, are given in Table 1. 
Also included is the result of a normal least-squares 
analysis in which the temperature factors have been 
fixed. As is to be expected from the distribution of 
points in Fig. 2 the analysis, with no extinction param- 
eter, gives a scale factor too low and a high value for 
the R-factor. The correlation matrix for the refinement 
with r* is included, and, of special importance is the 
correlation of +0.95 between r* and K, the scale factor. 

The result of the refinement of the data taken at 
11 °K shows a sharp decrease in the extinction param- 

eter, thus confirming the observations at the longer 
wavelength. The calculated and observed structure 
factors at room temperature and 11 °K are given in 
Table 2. The large changes in the intensity are illustra- 
ted in Fig. 3, with the integrated intensity of the 200 
reflection shown as a function of temperature. 

Coppens & Hamilton (1968) have introduced ani- 
sotropic extinction parameters in a modified least- 
squares program. Our data from crystal 1, measured 
at three different temperatures, were used in this pro- 
gram; the extinction ellipsoids were constrained to the 
orthorhombic point-group symmetry of the crystal. 
The R values obtained for these refinements ranged 
from 0.011 to 0.025 and are nearly identical to those 
shown in Table 1 for the isotropic extinction refine- 
ments. We have, therefore, found no evidence for any 
anisotropic extinction. 

Crystal 2, 2 = 1.027/~ 
One of the main difficulties in interpreting the data 

from crystal 1 is the calculation of the path lengths 
appropriate to equation (1). Crystal 2 was chosen spe- 
cifically to avoid this problem. The crystal was approx- 
imately spherical in shape (0.12 cm diameter) and for 
the path length the value of 0.10 cm has been used for 
all reflections. The crystal was mounted approximately 
about the < 121 > axis, which allows the maximum 
number of independent reflections to be examined with 
the cryo-orienter unit. 

The results obtained from the refinements of data at 
three temperatures are given in Table 3. As with crys- 
tal 1, the agreement between equivalent reflections at 
all temperatures was good, which indicated no depar- 
ture from the orthorhombic symmetry. The thermal 
parameters derived from crystal 2 are more reliable 
than those from crystal 1, since the overall extinction is 
less, and these parameters will not be influenced by the 
anisotropy in crystal shape. The largest vibration is 
along the a axis. Greater anisotropy exists at 11 o K than 
at higher temperatures since the a-axis vibration 
(Ua) increases while Ub and Uc continue to decrease 
(Table 3). 

The most important feature of these results is that no 
increase in intensity occurs at low temperatures. How- 
ever, no appreciable change in the intensity is expected, 
since y (the ratio of observed intensity to that expected 
if no extinction were present) for the strong 200 re- 

Table 3. Results of least-squares refinements of data from crystal 2 (2 = 1.027/~) collected at different temperatures 
The notation is the same as in Table 1. 

Room 
temperature 

K 0"684 _+ 6 
y 0.1027 + 3 
Ua 85-+3 
Ub (103 A) 67_+4 
Uc 64+ 3 
r*/2(10 -3) 1"03 -+ 15 
R 0"022 
Rw 0"026 

80 °K 11 °K 
0"577 +6 0"577 +6 
0"1017+3 0"1018+3 

52_+4 60+3 
41-+5 34-+7 
40+5 25-+8 

1-25 _+15 1.24 _+16 
0.018 0.019 
0.024 0.024 
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flection is as high as 0.8 at room temperature. The in- 
tensities of a number of different reflections were exa- 
mined as the crystal was cooled from 80 to 10 o K. No 
significant increases in intensity were found in this 
temperature range. 

By increasing the wavelength the extinction may 
increase sufficiently so that a small fractional change in 
the extinction parameter results in a detectable change 
in the nuclear intensity. The wavelength was changed to 
2.18 .~, the highest value possible with the shielding 
assembly. Fig. 4 shows the peak intensities of three 
reflections as a function of temperature. Both the 002 
and 200 reflections are strong and show sharp increases 
at 40 °K. The 020 reflection is weak and hence not 
greatly affected by any change in the extinction param- 
eter. For the 020 reflection, the variation of the y- 
positional parameter with temperature implies a maxi- 
mum value for the intensity around 40 ° K. A calcula- 
tion of the approximate extinction parameter for the 
few reflections examined at this long wavelength gives 
0.7 × 103 for r*/2. 

Discussion 

Following Zachariasen (1968a) the values of r* at 
different wavelengths may be used to determine the r 
and g parameters for the crystal. According to this 
theory the relationship 1 < (rl*/21)/(rz*/2z) <_ 22/21 must 
hold. For crystal 1, 22/21= 1.575/1.027= 1-535 and 
(rx*/2~)/(rz*/22) = (4.2 + 0.3)/(2-5 + 0-3) = 1-7-t-0.2 at 
room temperature, and 2.4/1.7= 1-4 at low tempera- 
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Fig.4. Variation with temperature of peak intensities of the 
200, 020, and 002 reflections for crystal 2 at 2=2.18 ~. 
The scale on the left applies to the 200 and 002 reflections, 
that on the right to the 020 reflection. The dashed lines have 
no theoretical significance. 

ture. Since r* rather than (r*/2) is more nearly constant, 
this suggests that the crystals are the so-called type 11, 
for which the diffraction pattern from a single domain 
is wider than the function describing the distribution of 
all the domains. The size of the perfect domains, r, is 
0.4 x 10 -4 cm at room temperature and 0.2 x 10 -4 cm at 
low temperature, and, in both cases, g is greater than 
5 x 103. For crystal 2, r* is again approximately con- 
stant. The ratios 22/2~ =2.18/1.027=2.1 and (r1"/21)/ 
(rz*/2z)= 1.0/0.7= 1.5 indicate that, as with crystal 1, 
the crystal is of type II with r_~0.13 x 10 -4 cm. 

One of the aims of this experiment was to search for 
anisotropy in the thermal vibrations of the uranium 
atom. The results presented in Tables 1 and 3 are not 
entirely consistent. For example, at 80 °K the thermal 
vibrations in the b direction (Ub), refined with data 
from crystal 1 (Table 1), appear to vanish. On the other 
hand, the large extinction effects involved in refining 
the data at all temperatures from crystal 1 make the 
values of the thermal parameters inevitably suspect. 
The results from crystal 2, in which the extinction ef- 
fects are much smaller, are certainly better behaved 
and, apparently, a predominant vibration occurs in the 
[100] direction. This is of particular interest in view of 
the unusual behavior of the cn elastic modulus repor- 
ted by Fisher & Dever (1968). The agreement between 
the two experiments is encouraging. On the other hand, 
the thermal parameters from the neutron diffraction 
data have been interpreted in terms of purely harmonic 
forces. Since negative thermal expansion coefficients 
below 40 °K are present in uranium, this simple in- 
terpretation should be treated as a first approximation. 

In this study, we have found considerable evidence 
that suggests the ' transition' around 40 ° K is associated 
with the physical perfection of the crystal. The crystals 
are type II, and at low temperatures the size of the per- 
fect domains is reduced, roughly by a factor of two. If 
the extinction effects are large, when either large crys- 
tals or long wavelengths are used, the proportional 
change in the extinction, resulting from the reduction 
in the domain size, predicts increases in the intensities 
of the strong nuclear reflections. The reduction in the 
domain size is a reversible process, so that when the 
sample is reheated the domains revert approximately to 
their original size and the intensities decrease. This 
appears to be the first observation of such an effect, and 
we are unable to put forward any simple explanation. 
The suggestion of Fisher & Devers (1968) and Andres 
(1968) that a transition from s to an s0 phase occurs at 
43 °K is possible only if the transition involves small 
changes, and in the present experiment may be inhibi- 
ted by the crystal imperfections. Neither a change in 
crystal structure nor any magnetic ordering has been 
found in s-uranium at low temperature (i. e. down to 
10 °K). However, in the lanthanide series, certain 
magnetic properties have indeed been found to vary 
depending on the purity and physical perfection of the 
sample, and a similar situation may prevail in the 
actinide series. 
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Representation of Phase Probability Distributions for Simplified Combination 
of Independent Phase Information 

BY WAYNE A. HENDRICKSON* AND EATON E. LATTMAN 

The Johns Hopkins University, Thomas C. Jenkins Department of Biophysics, Baltimore, Maryland 21218, U.S.A. 

(Received 27 January 1969) 

The phase probability distributions associated with several types of phase information of possible use 
in protein structure analysis have been cast in the simplified representation, 

P(c0= Nexp (A cos ct+B sin a+ Ccos 2ct+D sin 2~). 

This formulation permits the combination of independent phase information from different sources 
by simple addition of the constant coefficients A, B, C and D which encode the phase information. 
Also, use of this form for the phase probability expedites numerical integration of the centroid phase 
integrals and makes analytic integration possible. In order to achieve the simplified representation 
for the isomorphous replacement method it was necessary to reformulate the error analysis for that 
method. A computational comparison of phase determination by various methods for isomorphous 
replacement substantiates the validity of the new approach. 

Introduction 

Crystal structure analyses usually proceed, by one 
means or another, to a trial structure which can then 
be refined to a best match between the calculated and 
observed intensities. This is not possible in protein 
structure analysis for the structural complexity and 
practical resolution limits make a satisfactory trial 
structure unobtainable in the early stages. Structural 
information must be obtained by direct interpretation 
of the electron density map. It is most important, then, 
that this Fourier synthesis be as accurate as possible. 

Blow & Crick (1959) have shown that the Fourier 
synthesis with minimal mean-square error is achieved 
by the use of coefficients defined by the centroid of the 
structure-factor probability distribution. In practice 

* Present address: Laboratory for the Structure of Matter, 
U.S. Naval Research Laboratory, Washington, D.C. 20390, 
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this has been reduced to the centroid of the phase prob- 
ability distribution, assuming the amplitude to be fixed. 
The resulting Fourier synthesis has as coefficients 

I 2'~exp (ia) P(oOdo~ 
0 ,~=Fp ,~ (1) 

Ii P(c¢) da 

where Fp is a structure factor amplitude from the pro- 
tein crystal and P(a) da is the probability that its phase 
angle c¢ be between ~ and c¢ + d~. This formula has been 
implemented for the isomorphous replacement method 
by determining the phase probability distribution from 
the lack of closure errors in phase determinations (Blow 
& Crick, 1959; Dickerson, Kendrew & Strandberg, 
1961; Cullis, Muirhead, Perutz, Rossmann & North, 
1961). The extension to phase information from 
anomalous scattering has been made in a similar way 
by North (1965) and Matthews (1966). 


